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We derive general covariant expressions for the six independent observable modes of distortion of ideal
standard rulers in a perturbed Friedmann-Robertson-Walker spacetime. Our expressions are gauge
invariant and valid on the full sky. These six modes are most naturally classified in terms of their
rotational properties on the sphere, yielding two scalars, two vector (spin-1), and two tensor (spin-2)
components. One scalar corresponds to the magnification, while the spin-2 components correspond to the
shear. The vector components allow for a polar/axial decomposition analogous to the E=B decomposition
for the shear. Scalar modes do not contribute to the axial (B-)vector, opening a new avenue to probing
tensor modes. Our results apply, but are not limited to, the distortion of correlation functions (of the
cosmic microwave background, 21-cm emission, or galaxies) as well as to weak lensing shear and
magnification, all of which can be seen as methods relying on ‘‘standard rulers.’’
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I. INTRODUCTION
One of the primary goals of cosmology is to accurately
measure the expansion history and the growth of structure in
the Universe. Many of the cosmological probes used for this
purpose can be classified as standard candles or standard
rulers. The most obvious examples are type Ia supernovae
and the baryon acoustic oscillation feature in galaxy correla-
tion functions, which in an unperturbed Friedmann-
Robertson-Walker (FRW) Universe directly measure the
geometry and expansion history of the Universe [1–4].
Beyond the background cosmology, cosmological perturba-
tions affect the apparent scale of rulers, which can be used as
a probe of structure in the Universe. In fact, from this point of
view, standard rulers comprise a much larger set of observa-
tions: for example, galaxy redshift surveys measure the cor-
relation function of galaxies, which is then compared with
predictions based on a cosmological model; in other words,
the correlation length of galaxies (or any characteristic scale
in their correlation function) serves as a standard ruler. Weak
lensing shear, measured using galaxy ellipticities, uses the
fact that galaxies’ sizes measured along fixed directions are
on average equal. On the other hand, lensing magnification
measurements rely on the fact that galaxies have a character-
istic luminosity (standard candle) and/or size (standard ruler).
Of course, in the latter three cases the ‘‘ruler’’ has a large
amount of scatter, so that onemight call it a ‘‘statistical ruler.’’
Another example of this kind is lensing reconstruction on
diffuse backgrounds such as the cosmic microwave back-
ground (CMB) or 21-cm emission from the dark ages [5–7].
In this approach one uses the intrinsic correlation pattern of
the background, which is known statistically, to reconstruct
the distortion from the observed pattern.
There is a simple, unified description of these various
cosmological probes: we observe photons from two differ-
ent directions and redshifts, which correspond to a known
physical scale (e.g., the comoving sound horizon at recom-
bination, or the characteristic size of a galaxy). In this
paper, we study in a general covariant setting which under-
lying properties of the spacetime can be measured with an
ideal standard ruler, working to linear order in perturba-
tions. Since we have six parameters to vary when scanning
over photon arrival directions and redshifts, we can mea-
sure six degrees of freedom. These can be interpreted as the
components of a metric (of Euclidean signature) mapping
apparent coordinate distances into actual physical separa-
tions at the source. It is useful to further decompose these
components into parts parallel to the line of sight (longi-
tudinal), transverse, and mixed longitudinal-transverse
parts. This is equivalent to a decomposition into scalars,
vectors, and tensors in the two-dimensional subspace per-
pendicular to the photon 4-momentum and the observer’s
4-velocity; i.e., we classify components in terms of their
transformation properties under a rotation around the line
of sight. Note that this is independent of the usual decom-
position of metric perturbations on three-dimensional spa-
tial hypersurfaces (i.e., in terms of the transformation of
plane-wave metric perturbations under a rotation around
the k-vector). We will denote the latter (‘‘3-scalars’’ and so
on) as C;Bi; Aij; . . . , and the former (‘‘2-scalars’’ etc) as
C;Bi;Aij; . . . . The transverse components of the distor-
tion,Aij, are perhaps best known. They correspond to the
magnification (2-scalar) and shear (2-tensor). We show that
in general one can also measure a longitudinal scalar and
the two components of a vector on the sphere.
On scales much smaller than the horizon, an effec-
tive Newtonian description is sufficient, and this is what
essentially all previous studies are based on. However,
upcoming surveys will probe scales approaching the
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horizon, and an interpretation of these data sets can in
principle be hampered by gauge ambiguities. In the case
of the correlation of galaxy density contrast, this issue has
attracted significant interest and has recently been resolved
[8–11]. The unified treatment presented here resolves these
issues for the wide set of cosmological observables
mentioned above. More precisely, we obtain general
coordinate-independent and gauge-invariant results for all
observables, including the shear and magnification. The
differential equation (optical equation) governing the
magnification and shear was first derived in Ref. [12].
The magnification has been derived to first order in
Ref. [13]. The shear has been derived to second order in
the conformal-Newtonian (cN) gauge in Ref. [14], while
Ref. [15] derived the shear for general backgrounds. To
the best of our knowledge, the expression for the observ-
able shear written in a general gauge is presented here for
the first time. Further, all expressions are valid on the full
sky. Our approach naturally includes the ‘‘metric shear’’
contribution introduced in Ref. [16], and we provide a
straightforward physical interpretation of our result.
In addition, we show how the (2-)vector observable
uncovered here can be decomposed into E and B modes
in analogy with the shear, corresponding to polar and axial
vector parts. As in the case of shear and CMB polarization,
(3-)scalar perturbations do not contribute to the B mode,
while (3-)tensor perturbations contribute. This in principle
offers another avenue to search for a stochastic gravita-
tional wave background in large-scale structure, since no
scalar perturbations contribute at linear order. However, a
spectroscopic data set is likely necessary to reconstruct the
vector component with an interesting signal-to-noise.
Apart from the linear treatment of metric perturbations,
we make two further simplifying assumptions: first, we
assume ‘‘small rulers’’ in the sense that rulers subtend a
small apparent angle and redshift interval. Wide-angle
effects are likely negligible for almost all applications
(the large-scale baryon acoustic oscillation feature being
perhaps the most important exception). A treatment of
wide-angle effects necessarily involves a detailed model
of the survey geometry, which is clearly beyond the scope
of this paper. The second assumption is that any scatter or
variation in the actual (‘‘intrinsic’’) physical scale of the
standard ruler is uncorrelated with large-scale perturba-
tions. This will not hold true in general, since the physical
systems used as rulers will be affected by their large-scale
environment. One well-known example is the intrinsic
alignment contribution to shear correlations [17].
Further examples include the distortion of correlation
functions by large-scale tidal fields [18], or by a non-
Gaussian coupling of the density field to primordial de-
grees of freedom [19]. Since these ‘‘intrinsic effects’’
depend on the physics of the given ruler, we refrain
from discussing them here, as they would distract from
the generality of the rest of the results.
Finally, while we focus on general standard rulers here,
the case of standard candles is directly related to our
results. This is because the relation between angular di-
ameter distance DA and luminosity distance DL,
DL ¼ ð1þ ~zÞ2DA; (1)
where ~z is the observed redshift, holds in a general space-
time and for any source (this is a consequence of photon
phasespace conservation). Thus, the magnification mea-
sured for standard candles is identical to the magnification
for standard rulers which we will derive here. However, as
discussed, standard rulers can measure five additional de-
grees of freedom not accessible to standard candles.
Our results are of immediate relevance to recent
studies which consider the B modes of the cosmic shear
as a possible probe of an inflationary gravitational wave
background [16,20,21], and to studies that propose to use
the high-redshift 21-cm emission for the same purpose
[22,23]. In particular, our expressions can be used di-
rectly to construct optimal estimators on the full sky for
searching for the imprint of gravitational waves in a three-
dimensional field such as the 21-cm background. We also
use many of the results derived here in two recent papers
studying the impact of gravitational waves on the observed
large-scale structure [21,24].
The outline of the paper is as follows: we begin in Sec. II
by introducing our metric convention and useful notation.
The general expression for the mapping from apparent size
to true physical size of the ruler is derived in Sec. III. We
then decompose the contributions into longitudinal and
transverse parts in Sec. IV. The following three sections
deal with these different parts consecutively. We discuss
and conclude in Sec. VIII. The appendices contain a large
amount of additional reference material on multipole ex-
pansions of higher spin functions, the perturbed photon
geodesic equation, and various test cases applied to our
results.
II. NOTATION
In a general gauge, the perturbed FRW metric is given
by
ds2 ¼ a2ðÞ½ð1þ 2AÞd2  2Biddxi
þ ðij þ hijÞdxidxj; (2)
where we have assumed a spatially flat Universe (curva-
ture can be included straightforwardly, at the expense of
some extra notation). Here,  denotes conformal time.
Often, the spatial part is further expanded as
hij ¼ 2Dij þ 2Eij; (3)
where Eij is traceless. We shall also present the most
interesting results in two popular gauges: the
synchronous-comoving (sc) gauge, where A ¼ 0 ¼ Bi,
so that
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ds2 ¼ a2ðÞ½d2 þ ðij þ hijÞdxidxj; (4)
and the cN gauge, where Bi ¼ 0 ¼ Eij. In the latter case,
we denote A ¼ , D ¼ , conforming with standard
notation, so that
ds2 ¼ a2ðÞ½ð1þ 2Þd2 þ ð1þ 2Þijdxidxj: (5)
We also denote the background FRW metric (in the
absence of perturbations) as g ¼ a2ðÞ.
It is useful to define projection operators parallel and
perpendicular to the observed line-of-sight direction n^i, so
that for any spatial vector Xi and tensor Eij,
Xk  n^iXi; Ek  n^in^jEij;
Xi?  P ijXj; P ij  ij  n^in^j:
(6)
Correspondingly, we define projected derivative operators,
@k  n^i@i; and @i?  P ij@j: (7)
Note that @i?, @k and @
i
?, @
j
? do not commute. Further, we
find
@jn^
i ¼ @?jn^i ¼ 1P j
i; (8)
where  is the norm of the position vector so that
n^i ¼ xi=. Note that n^i and @k commute. More expressions
can be found in Sec. II of Ref. [11].
Finally, it proves useful to decompose the quantities
defined on the sphere, i.e., as a function of the unit line-
of-sight vector n^, in terms of their properties under a
rotation around n^. In particular, consider an orthonormal
coordinate system ðe1; e2; n^Þ. If we rotate the coordinate
system around n^ by an angle c , so that ei ! e0i, then the
linear combinations m  ðe1  ie2Þ=
ﬃﬃﬃ
2
p
transform as
m ! m0 ¼ eicm: (9)
We say that a general function fðn^Þ is spin-s if it transforms
under the same transformation as
fðn^Þ ! fðn^Þ0 ¼ eisc fðn^Þ: (10)
An ordinary scalar function on the sphere is clearly spin-0,
while the unit vectors m defined above are spin 1
fields. More details can be found in Appendix A. This
decomposition is particularly useful for deriving multipole
coefficients and angular power spectra. We also define
X  miXi; E  mimjEij (11)
for any 3-vector Xi and 3-tensor Eij.
For the quantitative results shown in Secs. V, VI, and
VII, we assume a flat CDM cosmology with h ¼ 0:72,
m ¼ 0:28, a scalar spectral index ns ¼ 0:958 and power
spectrum normalization at z ¼ 0 of 8 ¼ 0:8.
III. STANDARD RULER
In the absence of perturbations, photon geodesics are
given by straight lines in conformal coordinates,
x ðÞ ¼ ð0  ; n^Þ; (12)
where we have chosen the comoving distance  as the
affine parameter. Correspondingly, for a photon arriving
from a direction n^ with redshift ~z, we assign an
‘‘observed’’ position of emission x given by
~x 0 ¼ 0  ~; ~xi ¼ n^i ~; ~  ð~zÞ; (13)
where ð~zÞ denotes the comoving distance-redshift relation
in the background Universe. The actual spacetime point of
emission, denoted with x, is displaced from the observed
positions by x (see also Fig. 1),
x ¼ ~x þ xðn^; ~zÞ: (14)
Further, we will need the scale factor at emission. It
is related to the inferred emission scale factor ~a 
1=ð1þ ~zÞ by
aðx0ðn^; ~zÞÞ
~a
¼ 1þ  lnaðn^; ~zÞ: (15)
At first order,  lna ¼ z=ð1þ ~zÞ, where z is the differ-
ence between the observed redshift and the redshift that
would be observed in an unperturbed Universe. Note that
FIG. 1 (color online). Illustration of the apparent and actual
standard ruler. Photons arrive out of the observed directions n^, n^0
and with observed redshifts ~z, ~z0. The apparent positions are
indicated by ~x, ~x0, while the true positions are at x, x0,
perturbed by the displacements x, x0 (whose magnitude is
greatly exaggerated here). ~r is the apparent size of the ruler,
while r0 is the true ruler.
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the latter quantity is gauge dependent. Wewill give explicit
expressions for  lna and x in Sec. IV.
The displacements  lna, x are not observable (they
depend on which gauge, or frame, the spacetime pertur-
bations are described in). In order to determine actual
observables, we consider the case of a standard ruler.
A standard ruler exists if we can identify two spacetime
points which are separated by a fixed spacelike distance r0.
What we observe is the apparent size at which this ruler
appears in a given direction n^ and redshift ~z. Let n^, ~z and
n^0, ~z0 denote the observed coordinates of the ‘‘end points’’
of the ruler, and ~x and ~x0 the apparent spatial positions
inferred through Eq. (13). The inferred physical separation
is then given by
~r 2 ¼ ~a2ijð~xi  ~x0iÞð~xj  ~x0jÞ; (16)
where ~a ¼ 1=ð1þ ~zÞ is the observationally inferred scale
factor at emission (Fig. 1).
We now have to carefully consider what the condition of
a standard ruler in cosmology means. A useful, physically
motivated definition is that it corresponds to a fixed spatial
scale as measured by local observers which are comoving
with the cosmic fluid; precisely, the spatial part of the four-
velocity u of these observers is given by
vi ¼ T
i
0
þ p : (17)
We are mostly interested in applications to the large-scale
structure during matter domination; in this case, the cosmic
fluid is simply matter (dark matterþ baryons), and there
is no ambiguity in this definition. In the sc gauge, Eq. (17)
yields vi ¼ 0. Further, for now we assume the ruler is
fixed. We consider an evolving ruler in Sec. .
This definition can also be phrased as that the length of
the ruler is defined on a surface of constant proper time of
comoving observers. This proper time corresponds to the
‘‘local age’’ of the Universe. The separation of the two end
points of the ruler, x, x0, projected onto this hypersurface
should thus be equal to the fixed scale r0:
½gðxÞ þ uðxÞuðxÞðx  x0Þðx  x0Þ ¼ r20;
(18)
where g þ uu is the metric projected perpendicular to
u, the four-velocity of the comoving observers (note that
uu
 ¼ 1). Here and throughout, we will assume for
simplicity that the ruler is ‘‘small’’; i.e,. it subtends a small
angle, and redshift interval (j~z ~z0j  ~z). This entails
~r ~, and that we can simply evaluate the metric and
four-velocity at either end point (corrections involve higher
powers of x  x0).
The four-velocity of comoving observers, whose spatial
components are fixed by Eq. (17), is given by
u ¼ a1ð1 A; viÞ; u ¼ að1 A; vi  BiÞ;
(19)
where we consider vi to be first order (as the metric per-
turbations). In the following, we will assume sources to be
comoving as well, i.e., to follow Eq. (19). It is straightfor-
ward to generalize the treatment to different source veloc-
ities. Using Eqs. (2) and (19), we have
g þ uu ¼ a2 0 vivi ij þ hij
 
: (20)
With this, Eq. (18) yields
2~a2vif~x0~xi þ ~x0½xi x0i þ ~xi½x0  x00g
þ gijðxÞf~xi~xj þ ~xi½xj  x0j
þ ½xi  x0i~xjg ¼ r20; (21)
where x ¼ xðn^; ~zÞ, x0 ¼ xðn^0; ~z0Þ, and the
components of the apparent separation vector are
~x ¼ ~x  ~x0: (22)
In order to evaluate the spatial metric gijðxÞ at the location
of the ruler, we use Eq. (15) to obtain at first order
gijðxÞ ¼ ~a2½ð1þ 2 lnaÞij þ hij: (23)
We now again make use of the small-ruler approximation,
so that
xi x0i ’ ~x @
@~x
xi: (24)
Like any vector, we can decompose the spatial part of the
apparent separation ~xi into parts parallel and transverse to
the line of sight:
~xk  n^i~xi; ~xi?  P ij~xj ¼ ~xi  n^i~xk: (25)
In the correlation function literature, ~xk, j~x?j are some-
times referred to as 	 and , respectively. Then,
~x
@
@~x
¼ ð~x0@ þ ~xk@kÞ þ ~xi?@?i; (26)
where we have similarly defined @k ¼ n^i@i, @?i ¼ P ij@j.
Since the observed coordinates ~x by definition satisfy
the light cone condition with respect to the unperturbed
FRW metric, we have ~x0 ¼ ~xk in the small-angle
approximation. Thus,
~x0@ þ ~xk@k ¼ ~xkð@k  @Þ ¼ ~xk @@~
¼ ~xkHð~zÞ @@~z ; (27)
where @=@~ is the derivative with respect to the affine
parameter at emission. We thus have
~x
@
@~x
¼ ~xk@~ þ ~xi?@?i: (28)
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Working to first order in perturbations, we then obtain
r20  ~r2 ¼ 2 lna~r2 þ ~a2hij~xi~xj
þ 2~a2ðvk~x2k þ v?i~xi?~xkÞ
þ 2~a2ij~xið~xk@~ þ ~xk?@?kÞxj: (29)
All terms are straightforward to interpret: there are the
perturbations to the metric (both from the metric perturba-
tion itself and the perturbation to the scale factor at emis-
sion); the contribution / v from the projection from
fixed- to fixed-proper-time hypersurfaces; and the differ-
ence in the spatial displacements of the end points of
the ruler.
Evolving ruler
So far, we have assumed that the physical scale of the
ruler is fixed. This does not have to hold in general; for
example, the baryon acoustic oscillation scale is fixed in
terms of comoving coordinates. We now consider the case
where the (mean) physical scale r0 evolves over cosmic
time. It is simplest to consider r0 as a function of scale
factor; one can easily convert to other variables such as
conformal time using the relation with the scale factor in
the background Universe.
Then, r20 on the left-hand side of Eq. (29) is to be
evaluated for the scale factor at emission:
r20½aðx0Þ ¼ r20ð~aÞ

1þ 2 @ lnr0
@ lna
 lna

: (30)
Thus, if we compare the apparent size of the standard ruler
to the true size at the apparent time of emission [of course
assuming that we are able to predict r0ðaÞ], Eq. (29) be-
comes
r20ð~aÞ  ~r2 ¼ 2 lna

1 @ lnr0
@ lna

~r2 þ ~a2hij~xi~xj
þ 2~a2ðvk~x2k þ v?i~xi?~xkÞ
þ 2~a2ij~xið~xk@~ þ ~xk?@?kÞxj: (31)
Note that if r0 / a, i.e., if the ruler corresponds to a fixed
comoving scale, the terms multiplying  lna cancel. This
is as expected, since a perturbation to the scale factor at
emission does not affect a fixed comoving scale.
IV. SCALAR-VECTOR-TENSOR
DECOMPOSITION ON THE SKY
It is useful to separate the contributions to Eq. (29) in
terms of the observed longitudinal and transverse displace-
ments. For some applications, only the transverse displace-
ments are relevant. This is the case for diffuse backgrounds
without redshift resolution, such as the CMB or the cosmic
infrared background, and largely the case for photo-
metric galaxy surveys. On the other hand, spectroscopic
surveys and redshift-resolved backgrounds such as the
21-cm emission from high redshifts are able to measure
the longitudinal displacements as well.
Noting that ~r2 ¼ ~a2½~x2k þ ð~x?Þ2, and taking the
square root of Eq. (31), we obtain the relative perturbation
to the physical scale of the ruler as
~r r0
~r
¼ C ð~xkÞ
2
~r2c
þBi
~xk~xi?
~r2c
þAij
~xi?~x
j
?
~r2c
; (32)
where we have defined ~rc  ~r=~a as the apparent comoving
size of the ruler. The quantities multiplying C, Bi, Aij
are thus simply geometric factors. The coefficients are
given by
C ¼  lna

1 @ lnr0
@ lna

 1
2
hk  vk  @~xk
Bi ¼ P ijhjkn^k  v?i  n^k@?ixk  @~x?i
Aij ¼  lna

1 @ lnr0
@ lna

P ij  12P i
kP j
lhkl
 1
2
ðP jk@?i þ P ik@?jÞxk; (33)
where xk, xi? are the parallel and perpendicular com-
ponents of the displacements xi. Note that while we have
assumed that the ruler is small (i.e., ~xi  ~), the expres-
sions for C, Bi, Aij are valid on the full sky. Figure 2
illustrates the distortions induced by these components.
Observationally, we have six free parameters (assuming
accurate redshifts are available): the location of one point
n^, ~z, and the separation vector described by ~xi (with ~x0
FIG. 2. Illustration of the distortion of standard rulers due to
the longitudinal (2-)scalar C, (2-)vector B, and transverse com-
ponents, magnificationM and shear 
. The first row shows the
projection onto the sky plane, while the second (third) row shows
the projection onto the line-of-sight and x1? (x
2
?) axis, respec-
tively. In the cases of B and 
, we only show one of the two
components. See also Fig. 3 in Ref. [12].
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being fixed by the light cone condition). Using these, we
can measure a (2-)scalar on the sphere, C, a 2 2 sym-
metric matrix, Aij, and a two-component vector on the
sphere,Bi. As a symmetric matrix on the sphere,Aij has a
scalar component, given by the traceM  P ijAij (mag-
nification), and two components of the traceless part which
transform as spin-2 fields on the sphere [shear 2
 as
defined in Eq. (57) below]. These quantities are observable
and gauge invariant, while any of the individual contribu-
tions in Eq. (33) are not in general. Note that we cannot
measure any of the antisymmetric components, such as the
rotation. This is because we have not assumed the exis-
tence of any preferred directions in the Universe. If there is
a primary spin-1 or higher spin field, such as the polariza-
tion in case of the CMB, then a rotation can be measured as
it mixes the spin 2 components (see, e.g., Ref. [25]). In
the next sections we study these three terms in turn.
For reference, we now give the explicit expressions for
the displacements xi and  lna. They are defined such
that xi ¼ 0 ¼  lna for a local source, i.e., for ~z  0.
The details of the derivation are presented in Appendix B.
Separating into line-of-sight and transverse parts, we have
xk ¼
Z ~
0
d

A Bk  12 hk

 1þ ~z
Hð~zÞ  lna (34)
xi? ¼

1
2
P ijðhjkÞon^k þ Bi?o  vi?o

~
þ
Z ~
0
d

Bi?  P ijhjkn^k þ ð~ Þ


@i?Aþ n^k@i?Bk þ
1
2
ð@i?hjkÞn^jn^k

(35)
¼

1
2
P ijðhjkÞon^kþBi?o vi?o

~

Z ~
0
d

~

ðBi? þP ijhjkn^kÞ
þ ð~Þ@i?

ABk  12hk

: (36)
The perturbation to the scale factor at emission is given by
 lna ¼ Ao  Aþ vk  vko 
Z ~
0
d

A Bk  12 hk
0
:
(37)
Here, a subscript o indicates quantities evaluated at the
observer, while primes denote derivatives with respect to
. Note the appearance of the scalar quantity ABk 12hk
in Eqs. (34)–(37). This is the ‘‘lensing potential’’ in
the cN gauge, written in the general gauge Eq. (2).
In particular, in the two popular gauges introduced in
Sec. III, Eq. (37) becomes
ð lnaÞsc ¼ 12
Z ~
0
dh0k (38)
ðlnaÞcN¼oþvkvkoþ
Z ~
0
d½0 0: (39)
The latter result clearly shows the ‘‘Sachs-Wolfe’’ gravi-
tational redshift, ‘‘Doppler,’’ and ‘‘integrated Sachs-
Wolfe’’ contributions.
V. LONGITUDINAL SCALAR
The longitudinal component can be simplified to
become
C ¼  lna

1Hð~zÞ @
@~z

1þ ~z
Hð~zÞ

 @ lnr0
@ lna

 A vk þ Bk
þ 1þ ~z
Hð~zÞ

@kAþ @kvk þ B0k  v0k þ
1
2
h0k

: (40)
The first line contains the contributions due to the fact that
the scale factor at emission is perturbed from 1=ð1þ ~zÞ:
first, the evolution of the physical standard ruler r0 with
scale factor, 1 @ lnr0=@ lna, and second, the evolution of
the distance-redshift relation. The second line contains the
perturbations from the metric at the source location ( A)
and the projection from coordinate-time to proper-time
hypersurfaces (Bk  vk). Finally, the contributions from
the line-of-sight derivative of the line-of-sight displace-
ments [ / ð1þ ~zÞ=Hð~zÞ] are given in the third line. Note
the term @kvk, which is the dominant term on small scales
in the cN gauge. This term is also responsible for the
leading-order redshift distortions [26]. Apart from the
perturbation to the scale factor at emission, C does not
involve any integral terms; this is expected since C is
the only term remaining if the two lines of sight coincide
(n^ ¼ n^0). In this case, the two rays share the same path
from the closer of the two emission points, and no quan-
tities integrated along the line of sight can contribute to the
perturbation of the ruler.
Restricting to the sc and cN gauges, respectively, we
obtain
ðCÞsc ¼ ð lnaÞsc

1Hð~zÞ @
@~z

1þ ~z
Hð~zÞ

 @ lnr0
@ lna

þ 1þ ~z
2Hð~zÞh
0
k; (41)
ðCÞcN ¼ ð lnaÞcN

1Hð~zÞ @
@~z

1þ ~z
Hð~zÞ

 @ lnr0
@ lna

 vk þ 1þ ~zHð~zÞ ð@kþ @kvk  v
0
k þ0Þ:
(42)
Note that in the case of the sc-gauge expression, the
redshift-space distortion term is included in the last term,
through h0k=2 ¼ D0 þ @2kE0. Figure 3 shows the angular
power spectrum of C due to standard adiabatic scalar
perturbations in a CDM cosmology (the details of the
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calculation are given in Appendix E). Clearly, C is of the
same order as the matter density contrast in the sc gauge on
all scales. In particular, the velocity gradient term domi-
nates over all other contributions. Due to the different
dependence on the angle with the line of sight, the projec-
tion kernel of C is proportional to @2xjlðxÞ, while that of scm
is / jlðxÞ. The former favors larger x at a given l, and thus
leads to a relative suppression as the slope of the matter
power spectrum changes at k * 0:01h=Mpc.
VI. VECTOR
Next, we have the two-component vector
Bi ¼ P ijhjkn^k  v?i  @?ixk  @~x?i þ
x?i
~
¼ v?i þ B?i þ 1þ ~zHð~zÞ @?i lna; (43)
where we have inserted projection operators for clarity
(these are trivial since Bi is contracted with ~xi?). As
expected, this vector involves the transverse derivative of
the line-of-sight displacement and the line-of-sight deriva-
tive of the transverse displacement. Note that these two
quantities are not observable individually.
Using the spin 1 unit vectors m, Bi can be decom-
posed into spin 1 components:
Bi ¼ þ1Bmiþ þ 1Bmi;
1B  miBi ¼ v þ B þ
1þ ~z
Hð~zÞ @ lna;
(44)
where we have used the notation of Eq. (11). Similar to
before, we can specialize this general result to the sc and
cN gauges:
ð1BÞsc ¼
1þ ~z
2Hð~zÞ
Z ~
0
d

~
@h0k (45)
ð1BÞcN ¼ v þ
1þ ~z
Hð~zÞ @ lna
¼ v þ 1þ ~zHð~zÞ

@þ @½vk  vko
þ
Z ~
0
d

~
@ð0 0Þ

: (46)
On small scales, the dominant contribution to Bi comes
from the transverse derivative of the line-of-sight compo-
nent of the velocity @vk, which is of the same order as the
tidal field.
Applying the spin-lowering operator ð to 1B (see
Appendix A) yields a spin-0 quantity, which can be ex-
panded in terms of the usual spherical harmonics.1 We then
obtain the multipole coefficients of B as
aBlmð~zÞ ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl 1Þ!
ðlþ 1Þ!
s Z
d½ð1Bðn^; ~zÞY	lmðn^Þ: (47)
An equivalent result is obtained for ð1B. In general, the
multipole coefficients aBlm are complex, so that we can
decompose them into real and imaginary parts,
aBlm ¼ aBElm þ iaBBlm : (48)
One can easily show (Appendix A) that under a change of
parity aBElm transform as the spherical harmonic coefficients
of a vector (parity odd), whereas aBBlm , picking up an addi-
tional minus sign, transforms as those of a pseudovector
(parity even). These thus correspond to the polar (‘‘E’’) and
axial (‘‘B’’) parts of the vector Bi.
As required by parity, scalar perturbations do not con-
tribute to the axial part aBBlm (this is shown explicitly in
Appendix D). Thus, a measurement of the vector compo-
nent Bi of standard ruler distortions offers an additional
possibility to probe tensor modes with large-scale struc-
ture, as tensor modes do contribute to aBBlm (Appendix D).
Thus, in principle the axial component of Bi could be of
similar interest for constraining tensor modes as weak
lensing B modes [21], though one likely requires accurate
redshifts to measure Bi to sufficient accuracy. We leave a
detailed investigation of this for future work.
FIG. 3 (color online). Angular power spectra of the different
standard ruler perturbations produced by a standard scale-
invariant power spectrum of curvature perturbations: C, E
mode of Bi, E mode of the shear, and magnification M. All
quantities are calculated for a nonevolving ruler and a sharp
source redshift of ~z ¼ 2. For comparison, the thin dotted line
shows the angular power spectrum at z ¼ 2 of the matter density
field in the sc gauge. Note that all quantities shown here, except
for scm , are gauge invariant and (in principle) observable.
1This is of course equivalent to expanding 1B in terms of
spin-1 spherical harmonics.
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The power spectrum of the Emode ofB due to standard
scalar perturbations is shown in Sec. V through VII below
(see Appendix E). While the dominant contribution to C is
/ k2k=k2scmðk; ~zÞ for a given Fourier mode of the matter
density contrast in the sc gauge (Sec. V), the corresponding
contribution to B is / k?kk=k2scmðk; ~zÞ. Even though ap-
proximate scaling arguments suggest that CCðlÞ, CEEB ðlÞ
should scale roughly equally with l, we see that CBðlÞ
scales faster with l for l & 500. The reason is that the
projection kernel for the E mode of B [ / ð@xjlÞ=x] is
relatively suppressed with respect to that of C ( / @2xjl) at
large x=l. Since l & 500 corresponds to a typical k &
102h=Mpc at the source redshift, where PmðkÞ / k, larger
x=l are favored for progressively smaller l, leading to a
more rapid decrease of CBðlÞ towards smaller l. This
suppression is thus fundamentally a consequence of the
shape of the matter power spectrum.
VII. MAGNIFICATION AND SHEAR
Finally, we have the purely transverse component,
A ij ¼  lna

1 @ lnr0
@ lna

P ij  12P i
kP j
lhkl
 @?ðix?jÞ  1~xkP ij; (49)
where we have again inserted projection operators for
clarity (note that P ij serves as the identity matrix on the
sphere). As a symmetric matrix on the sphere,Aij has a
scalar component, given by the traceA, and two compo-
nents of the traceless part which transform as spin-2 fields
on the sphere. The trace corresponds to the change in area
on the sky subtended by two perpendicular standard rulers.
Thus, it is equal to the magnificationM (see also Fig. 2).
The two components of the traceless part correspond to the
shear 
. If we choose a fixed coordinate system ðe; e; n^Þ,
we can thus write
Aij ¼
M=2þ 
1 
2 0

2 M=2 
1 0
0 0 0
0
BB@
1
CCA: (50)
Below, we will derive magnification and shear without
reference to a fixed coordinate system.
A. Magnification
Taking the trace of Eq. (49) yields
M P ijAij
¼2lna

1@lnr0
@lna

1
2
ðhiihkÞþ2^
2
~
xk:
(51)
The magnification is directly related to the fractional per-
turbations in distances (see Refs. [27,28]) through
DL
DL
¼ DA
DA
¼  1
2
M; (52)
where the first equality for the luminosity distance
follows from Eq. (1). The contributions to the magnifi-
cation are straightforwardly interpreted as coming from
the conversion of coordinate distance to physical scale
at the source (from the perturbation to the scale factor
 lna and the metric at the source projected perpen-
dicular to the line of sight, hii  hk); from the fact that
the entire ruler is moved closer or farther away by xk;
and finally from the coordinate convergence ^ defined
through
^ ¼  1
2
@?ixi?: (53)
This term dominates the other contributions to M on
small scales. However, the coordinate convergence is a
gauge-dependent quantity; see for example Appendix B2
in Ref. [11]. For the general metric Eq. (2) it is
given by
^ ¼  1
2

1
2
ððhiiÞo  3ðhkÞoÞ  2ðBk  vkÞo

þ 1
2
Z ~
0
d

@k?Bk 
2

Bk þ ð@l?hlkÞn^k
þ 1

ðhii  3hkÞ þ ð~ Þ

~
r2?

A Bk  12 hk

:
(54)
In the cN gauge, it assumes its familiar form,
ð^ÞcN ¼ vko þ 12
Z ~
0
d

~
ð~ Þr2?ðÞ; (55)
with an additional term vko contributing to the dipole
of ^ only, which corresponds to the relativistic beaming
effect at linear order. Explicit expressions for the mag-
nification in different gauges are straightforward to
obtain; however they become lengthy. Here we just
show that we recover the result obtained in a different
way in Jeong et al. [11] in the sc gauge. Using Eq. (3),
ðhii  hkÞ=2 ¼ 2D Ek. This, and defining z 
ð lnaÞsc [Eq. (38)] yields
ðMÞsc ¼ 2

1 @ lnr0
@ lna

z 2Dþ Ek þ 2^ 2~xk:
(56)
For a nonevolving standard ruler (@ lnr0=@ lna ¼ 0), we
thus recover the covariant magnification, M ¼ M, as
derived in Ref. [11]. In general, the observable magnifi-
cation M depends on the redshift evolution of the
standard ruler considered; for example, galaxy sizes
which can be used as a standard ruler to measure mag-
nification [29] in general show a nontrivial redshift
evolution.
FABIAN SCHMIDT AND DONGHUI JEONG PHYSICAL REVIEW D 86, 083527 (2012)
083527-8
B. Shear
We now consider the traceless part ofAij, given by

ijðn^ÞAij12P ijM
¼1
2

P i
kP j
l1
2
P ijP kl

hkl@?ðix?jÞP ij^:
(57)
Here, the terms / P ij in Eq. (49) drop out. The last two
terms here are what commonly is regarded as the shear, i.e.,
the trace-free part of the transverse derivatives of the
transverse displacements. The first term on the other
hand is important to ensure a gauge-invariant result. This
is the term referred to as metric shear in Ref. [16]. Its
physical significance becomes clear when constructing the
Fermi normal coordinates for the region containing the
standard ruler.
Consider a region of spatial extent R, say centered on a
given galaxy, with R assumed to be much larger than the
scale of individual galaxies. We can construct orthonormal
Fermi normal coordinates [30,31] around the center of this
region, which follows a timelike geodesic, by choosing the
origin to be located at the center of the region at all times,
and the time coordinate to be the proper time of this
geodesic. The spacetime in these Fermi coordinates
ðtF; xiFÞ then becomes Minkowski, with corrections going
as x2F=R
2
c where Rc is the curvature scale of the spacetime.
Thus, as long as these corrections to the metric are negli-
gible, there is no preferred direction in this frame, and the
size of the standard ruler has to be (statistically) indepen-
dent of the orientation. The most obvious example is
galaxy shapes, which are used for cosmic shear measure-
ments. In the Fermi frame, galaxy orientations are random.
Note that the Fermi coordinates are uniquely determined
up to three Euler angles. The statement that galaxy orien-
tations are random in this frame is thus coordinate
invariant.
As an example, consider the case where we have a
purely spatial metric perturbation [cf. Eq. (2)] at a fixed
time. We can then expand around the origin,
hijðxÞ ¼ hijð0Þ þ hij;kð0Þxk: (58)
Higher-order terms are suppressed by ðx=RcÞ2. Now, con-
sider coordinates given by
a1xiF ¼ xi þ
1
2
hijð0Þxj þ 14 ½2hij;kð0Þ  hjk;ið0Þx
jxk:
(59)
In these coordinates, the metric becomes
gF ¼  þOðx2FÞ: (60)
Thus, it is in terms of the coordinates xiF that galaxies
should be isotropically oriented on average, not in terms
of the cosmological coordinates xi. Correspondingly, in
order to obtain the shear relative to the Fermi frame, we
need to add the transformation Eq. (59) to the displace-
ments xi:
xi!xiþ1
2
hijð0Þxjþ14½2hij;kð0Þhjk;ið0Þx
jxk: (61)
With these new displacements, the transverse derivative of
the transverse displacement becomes
@?ðix?jÞ !@?ðix?jÞþ12P i
kP j
khklþOðhij;kxkÞ; (62)
where the last term is suppressed by the size of the ruler
over the wavelength of the metric perturbation, and is thus
negligible in the small-ruler approximation. We see that
Eq. (62) agrees exactly with the result derived above,
Eq. (57) [after subtracting the trace of Eq. (62)]. In other
words, the shear derived in the standard ruler formalism
(Sec. III) is equivalent to the statement that the ruler is
isotropic in its Fermi frame, the additional term coming
from the transformation from global coordinates to the
local Fermi coordinates. This additional term was intro-
duced in Ref. [16] as metric shear, with a similar motiva-
tion as given here. In our case, this term is naturally
included in the standard ruler formalism.

ij is a symmetric trace-free tensor on the sphere, and
can thus be decomposed into spin 2 components (in
analogy to the polarization of the CMB). Following
Appendix A (see also Ref. [32]) we can write 
ij as

ij¼ 2
miþmjþþ2
mimj; 2
¼mimj
ij; (63)
where 2
 are spin 2 functions on the sphere (in analogy
to the combination of Stokes parameters Q iU). We
obtain for the shear components
2
 ¼ 
1
2
h mimj@?ix?j
¼  1
2
h  12 ðhÞo 
Z ~
0
d

1 2
~

½mk@Bk
þ ð@hlkÞmln^k 
1
~
h þ ð~ Þ~


mimj@i@jAþ n^kmimj@i@jBk
þ 1
2
mim
j
ð@i@jhklÞn^kn^l

: (64)
Equation (64) is valid in any gauge. We can now specialize
to the sc and cN gauges:
ð2
Þsc ¼ 
1
2
h  12 ðhÞo 
Z ~
0
d

1 2
~

ð@hklÞmkn^l 
1
~
h þ ð~ Þ~
1
2
ðmimj@i@jhlkÞn^ln^k

(65)
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ð2
ÞcN ¼
Z ~
0
dð~ Þ
~
mim
j
@i@jðÞ: (66)
In case of the cN gauge, we have used that hij ¼ 2ij,
and thus h ¼ 0. We see that Eq. (66) recovers the
‘‘standard’’ result; in other words, there are no additional
relativistic corrections to the shear in this gauge. This is not
surprising following our arguments above: in the cN gauge,
the transformation Eq. (59) from global coordinates to the
local Fermi frame is isotropic since hij ¼ 2ij. Thus, it
does not contribute to the shear. Note however that only
scalar perturbations are included in this gauge; when con-
sidering vector or tensor perturbations, one has to use a
different gauge, for example the sc gauge (see Ref. [21] for
a study of tensor perturbations). Thus, Eqs. (64) and (65)
are important new results.
In Appendix C, we apply several test cases to the shear
in the sc gauge, Eq. (65), in order to verify that it is gauge
invariant and correctly reproduces known results. In par-
ticular, we consider a Bianchi I cosmology which induces a
shear due to the anisotropic angular diameter distance. We
also show that Eq. (65), when restricted to scalar perturba-
tions, does not produce B-mode shear.
Figure 3 shows the angular power spectrum of shear and
magnification due to scalar perturbations for a sharp source
redshift ~z ¼ 2 (see Appendix E). For l * 10, the results
follow the familiar relation CMðlÞ ¼ 4CEE
 ðlÞ, valid when
all relativistic corrections to the magnification become ir-
relevant so thatM ’ 2^. These corrections slightly increase
the magnification for small l. We also see that 
 andM are
suppressed with respect to C and B (on smaller scales), at
least when the latter are evaluated for a sharp source redshift.
This is a well-known consequence of the projection with the
broad lensing kernel, leading to a cancellation of modes that
are not purely transverse (see e.g., Ref. [33]).
VIII. DISCUSSION
Over the past decade, cosmology has benefited from a
vast increase in the available data, which have been ex-
ploited through a broad variety of methods to constrain the
history of structure in the Universe. Clearly, this calls for a
rigorous investigation of what quantities precisely are
observable in the relativistic setting. Some observables
have been investigated previously, most notably the num-
ber density of tracers and the magnification. Here, we
have presented a unified relativistic analysis of ‘‘standard
rulers,’’ where a standard ruler simply means there is an
underlying physical scale which we compare the observa-
tions to. This treatment applies to lensing measurements
through galaxy ellipticities, sizes and fluxes, or through
standard candles, to distortions of cosmological correlation
functions, and to lensing of diffuse backgrounds.
We show that in this framework, for ideal measurements,
one can measure six degrees of freedom: a scalar corre-
sponding to purely line-of-sight effects; a vector (on the
sphere) which corresponds to mixed transverse/line-of-
sight effects; and a symmetric transverse tensor on the
sphere which comprises the shear and magnification. We
obtain general, gauge-invariant expressions for the six
observable degrees of freedom, valid on the full sky.
These constitute the main result of the paper and are given
in Eqs. (40), (44), (51), and (64). The vector component
and the shear admit a decomposition into E=B modes. The
B modes are free of all scalar contributions (including
lensing as well as redshift-space distortions) at the linear
level, making them ideal probes to look for tensor pertur-
bations. As an application of our results, we study the shear
induced by tensor modes (gravitational waves) in Ref. [21].
The logical next step is to construct estimators for these
degrees of freedom, based on measurements of the density
field of tracers (such as galaxies, the Lyman- forest, 21-cm
emission, and so on). We will leave this for future work.
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APPENDIX A: SPHERICAL HARMONIC
DECOMPOSITION OF SPIN-s FUNCTIONS
Here we outline our notation and useful results on the
spherical harmonic decomposition of tensors on the sphere.
Throughout, latin indices i; j; . . . denote components with
respect to Euclidean coordinates, and are raised and
lowered with ij. We follow standard convention; see
Ref. [32]. In particular, we do not include the Condon-
Shortley phase in the spherical harmonics, so that ðYlmÞ	 ¼
Ylm. Explicitly, in our convention the spherical harmonics
are given by
Ylmð;Þ ¼ m
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2lþ 1
4	
ðl jmjÞ!
ðlþ jmjÞ!
s
Pjmjl ðcosÞeim; (A1)
where m is a phase factor defined as
m ¼
8<
: 1; m > 0ð1Þm; m 
 0: (A2)
We can define spin 1 unit basis vectors on the unit sphere
mi
1ﬃﬃﬃ
2
p ðei ieiÞ¼
1ﬃﬃﬃ
2
p
coscos isin
cossin icos
sin
0
BB@
1
CCA; (A3)
where e, e are assumed orthonormal. m transform as
spin 1 fields (see Sec. I). We have
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mimi ¼ 0; mimi ¼ 1;
min^i ¼ 0; P ijmj ¼ mi:
(A4)
Next, we define operators that raise and lower the spin s
of a function (or tensor component) sfð;Þ through
[34,35]
ðsf ¼ sins

@
@
þ i
sin
@
@

sinssf
ðsf ¼ sins

@
@
 i
sin
@
@

sinssf:
(A5)
A straightforward calculation using partial integration
shows thatZ
ððsfÞsþ1gd ¼
Z
ðsinsÞð½@ þ isin1@
 sinssfÞsþ1g sindd
¼
Z
s
fsins1ð½@ þ isin1@
 sinsþ1sþ1gÞ sindd
¼
Z
s
fðð	sþ1gÞd; (A6)
in other words ð	 is the adjoint operator of ð with
respect to the standard measure on the sphere. In many
cases, we will encounter functions given by sfð;Þ ¼
eims ~fðÞ, where  ¼ cos. In this case, Eq. (A5) sim-
plifies to
ðsf ¼ ð12Þð1þsÞ=2

 @
@
 m
12

ð12Þs=2sf
ðsf ¼ ð12Þð1sÞ=2

 @
@
þ m
12

ð12Þs=2sf;
(A7)
which applied twice straightforwardly yields
ð22fð;Þ ¼

 @
@
þ m
12

2½ð12Þ2fð;Þ
ð22fð;Þ ¼

 @
@
 m
12

2½ð12Þ2fð;Þ:
(A8)
We can use the spin-raising and -lowering operators to
define spin-weighted spherical harmonics through
sYlm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl jsjÞ!
ðlþ jsjÞ!
s 8<
: ð
sYlm; s  0
ð1Þs ðjsjYlm; s < 0:
(A9)
Note again that our spherical harmonics are defined such
that ½Ylm	 ¼ Ylm. Equation (A5) together with Eq. (A9)
then yield ½sYlm	 ¼ ð1ÞssYlm. For s ¼ 2, this is
equivalent to the definition used in Refs. [32,36]:
2Ylm ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl 2Þ!
ðlþ 2Þ!
s
mim
j
rirjYlm: (A10)
The spin-weighted spherical harmonics defined in Eq. (A9)
form an orthonormal basis for spin-s functions. Using that
ðy ¼ ð	, the orthonormality implies
ð sðsYlm ¼ ðs ðsYlm ¼ ð1Þs ðlþ jsjÞ!ðl jsjÞ!Ylm: (A11)
Returning to the decomposition of a general spin s field
(with s > 0), we can express the components as
sAðn^Þ ¼
X
lm
aAlmsYlmðn^Þ: (A12)
Acting with the spin-lowering operator on þsA and vice
versa then yields
ðssAðn^Þ ¼
X
lm
aAlm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl sÞ!
ðlþ sÞ!
s
ðsðsYlmðn^Þ
¼X
lm
aAlmð1Þs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðlþ sÞ!
ðl sÞ!
s
Ylmðn^Þ
ðssAðn^Þ ¼
X
lm
aAlmð1Þs
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl sÞ!
ðlþ sÞ!
s
ðs ðsYlmðn^Þ
¼X
lm
aAlm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðlþ sÞ!
ðl sÞ!
s
Ylmðn^Þ: (A13)
We thus have
aAlm ¼
Z
sAðn^Þ½sYlmðn^Þ	d
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl jsjÞ!
ðlþ jsjÞ!
s
ð1Þs
Z
½ðsþsAðn^ÞY	lmðn^Þd
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðl jsjÞ!
ðlþ jsjÞ!
s Z
½ðssAðn^ÞY	lmðn^Þd: (A14)
This shows that the coefficients aAlm have the desired prop-
erty of being invariant under a rotation of the coordinate
system around n^. We can then define E and B components
through
aAlm ¼ aAElm þ iaABlm ; aAElm ¼
1
2
ðaAlm þ aA	lmÞ;
aABlm ¼
1
2i
ðaAlm  aA	lmÞ:
(A15)
Under a parity transformation (n^! n^0 ¼ n^), Ylm !
ð1ÞlYlm. Hence, Eq. (A9) yields sYlm ! ð1ÞlsYlm ¼ð1Þlþs½sYlm	, and E and B components transform under
parity as
aAlm ! ð1ÞlþsaA	lm; aAElm ! ð1ÞlþsaAElm;
aABlm ! ð1ÞlþsaABlm:
(A16)
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Thus, the E-component coefficients transform as expected
of a spin-s quantity derived from a scalar perturbation; for
example, a vector given by a gradient Bi ¼ @?if, whose
components 1B transform as spin 1 fields, is parity odd
(just like the electric field). On the other hand, the B
component picks up an additional sign (parity even, just
like the magnetic field).
1. Angular power spectra of spin-s functions
The general procedure for obtaining the spherical har-
monic coefficients and angular power spectrum for a spin-s
quantity sA is as follows. The starting point is a relation
between sAðn^; ~zÞ and the metric perturbations integrated
over the (unperturbed) past light cone:
sAðn^; ~zÞ ¼
Z ~
0
dG½; hðn^; Þ; (A17)
where  ¼ 0  , hðx; Þ stands for a single polarization
state of any given metric perturbation, and the kernel G is a
function of  and h and its derivatives. Throughout, we
suppress the polarization index, although all polarization
states of course need to be summed in Eq. (A17). The goal
is to derive the contribution of a single Fourier mode of the
metric perturbation, and to subsequently add up the contri-
butions of all Fourier modes. For a scalar quantity (s ¼ 0),
such as a density or temperature, this calculation is straight-
forward since a scalar is invariant under a general rotation of
the coordinate system. Thus, we can always align a given
Fourier mode with the z axis before summing up the con-
tributions. For a general spin-s quantity sA, this is not
possible. However, we can use the spin-raising and -low-
ering operators defined above to create a scalar quantity ðssA
(for s > 0) which allows us to easily sum up the contribu-
tions of different Fourier modes. The results of the previous
section then immediately tell us how the resulting spherical
harmonic coefficients of ðssA are related to those of sA.
In detail, the calculation proceeds as follows:
(1) Evaluate the contribution sAðn^;kÞ from a single
plane-wave perturbation with a single circular po-
larization, with wave vector k aligned with the z
axis. sAðn^;kÞ is a function of n^, usually written in
terms of   n^  z^ and azimuthal angle :
sAðn^;kÞ ¼
Z ~
0
d ~Gð; k;ÞhðkÞeireix; (A18)
where hðkÞ is the Fourier amplitude of the mode
at some reference epoch, x ¼ k and r is an integer.
In particular, r ¼ 0 if h is a scalar metric perturba-
tion, r ¼ 1 for a vector perturbation, and r ¼ 2
for a tensor perturbation, depending on the polar-
ization state. ~G is an ordinary function obtained
from G½; h by replacing @i with iki, and pulling
out hðkÞ. Note that ~G thus contains the transfer
function of the metric perturbation, relating h
at the reference epoch to h at conformal time
 ¼ 0  .
(2) Apply spin-raising or -lowering operators to obtain a
scalar quantity, ðssAðn^;kÞ if s > 0, ðjsjsAðn^;kÞ if
s < 0. This quantity is a scalar on the sphere. By
virtue of the exponential eix, we can turn deriva-
tives with respect to into powers of ix, and powers
of  into derivatives with respect to ix. We can then
write
ðssAðn^;kÞ
¼
Z ~
0
d
X
i
WiðÞQ^iðxÞð12Þjrj=2eireixhðkÞ;
(A19)
where Q^iðxÞ are derivative operators in x,WiðÞ are
coefficient functions, and we have pulled out a
factor of ð12Þjrj=2 for later convenience. Note
that since the Q^iðxÞ are constructed out of powers of
ik ¼ ix= and @=@ðixÞ, the terms involving even
powers of x, @x are real, while those involving odd
powers are imaginary. Hence, Q^	i ðxÞ ¼ Q^iðxÞ.
(3) Since the angular dependence is now entirely in the
factor ð12Þjrj=2eireix, we can straightfor-
wardly expand this scalar quantity in terms of
the standard spherical harmonics Ylm following
Eq. (A14). The following relation which we prove
in Appendix A 2 is useful:
Z
dY	lmð12Þjrj=2eireix
¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4	ð2lþ 1Þp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðlþ jrjÞ!
ðl jrjÞ!
s
iril
jlðxÞ
xjrj
mr; (A20)
where r is an integer. With this, we obtain
aAlmðkÞ¼mr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4	ð2lþ1Þ
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðljsjÞ!
ðlþjsjÞ!
ðlþjrjÞ!
ðljrjÞ!
s
ð1Þsil

Z ~
0
d
X
i
WiðÞirQ^iðxÞjlðxÞ
xjrj
hðkÞ:
(A21)
(4) Following Eq. (A16), we can now separate the
E- and B-mode contributions:
aAElm ðkÞ¼mr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4	ð2lþ1Þp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðljsjÞ!
ðlþjsjÞ!
ðlþjrjÞ!
ðljrjÞ!
s
ð1Þsil

Z ~
0
d
X
i
WiðÞirReQ^iðxÞjlðxÞ
xjrj
hðkÞ
(A22)
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aABlm ðkÞ¼mr
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4	ð2lþ1Þp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðljsjÞ!
ðlþjsjÞ!
ðlþjrjÞ!
ðljrjÞ!
s
ð1Þsil

Z ~
0
d
X
i
WiðÞir ImQ^iðxÞjlðxÞ
xjrj
hðkÞ:
(A23)
These constitute the multipole coefficients of E and
B modes of sA.
The angular power spectra are straightforwardly
obtained by taking the expectation value of
quadratic combinations of aAXlm ðkÞ, where X ¼ E,
B, summing over m, and integrating over
ð2	Þ6d3kd3k0. Note that since we derived the mul-
tipole coefficients through the scalar quantity
ðssAðn^;kÞ which is invariant under rotations of the
coordinate system, we can always align the Fourier
mode with the z axis, so that Eqs. (A21)–(A23)
remain valid. Thus,
CXXA ðlÞ
¼ 1
2lþ1
Xl
m¼l
Z d3k
ð2	Þ3
Z d3k0
ð2	Þ3 ha
AX
lm ðkÞaAX	lm ðk0Þi
¼ 2
	
ðljsjÞ!
ðlþjsjÞ!
ðlþjrjÞ!
ðljrjÞ!NP
Z
k2dkPhðkÞjFXl ðkÞj2
(A24)
FEl ðkÞ ¼
Z ~
0
d
X
i
WiðÞReQ^ðkÞ jlðkÞðkÞjrj
FBl ðkÞ ¼
Z ~
0
d
X
i
WiðÞ ImQ^ðkÞ jlðkÞðkÞjrj :
(A25)
Here, PhðkÞ is the power spectrum of hðkÞ at the
chosen reference epoch, NP denotes the number of
polarization states, and we have assumed that the
different polarization states have independent
phases and equal power spectra.
Equation (A24) is a general expression for the E=B-mode
angular power spectra of a spin-s observable induced by a
spin-r metric perturbation, which is straightforward to
evaluate once an expression of the form Eq. (A19) is given.
Note that for r ¼ s ¼ 0 and NP ¼ 1, we recover the usual
result for scalar observables induced by scalar perturba-
tions. In the following, and in the related papers [21,24],
we will apply this result for s ¼ 0, 1 and 2, as well as
r ¼ 0, 2.
2. Proof of Eq. (A20)
The useful relation Eq. (A20) is easily proven by induc-
tion over r. First, the case r ¼ 0,Z
dY	lme
ix ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4	ð2lþ 1Þ
p
iljlðxÞm0; (A26)
follows immediately from our definition of the spherical
harmonics, Eq. (A1), and the partial wave expansion
eix cos ¼X
l
ð2lþ 1ÞiljlðxÞPlðcosÞ: (A27)
Further, the definition of spherical harmonics, Eq. (A1),
yieldsZ
dY	lmð12Þjrj=2eireix
¼ r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4	ð2lþ 1Þ
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðl jrjÞ!
ðlþ jrjÞ!
s
rmI
jrj
l ðxÞ;
Ijrjl ðxÞ ¼
1
2
Z 1
1
dð12Þjrj=2Pjrjl ðÞeix; (A28)
where
Pml ðxÞ¼ ð1Þmð1x2Þm=2
dm
dxm
PlðxÞ ðm0Þ (A29)
is the associated Legendre polynomial. Comparing with
Eq. (A20), the conjecture to prove is thus
Ijrjl ðxÞ ¼
ðlþ jrjÞ!
ðl jrjÞ! i
jrjþl jlðxÞ
xjrj
: (A30)
We now proceed to the proof by induction, assuming that
Eq. (A30) holds for some r > 0 (without loss of general-
ity). Using one partial integration on Irþ1l ðxÞ we obtain
Irþ1l ðxÞ ¼
1
2
Z 1
1
dð12Þðrþ1Þ=2ð1Þðrþ1Þð12Þðrþ1Þ=2

drþ1
drþ1
PlðÞ

eix
¼ 1
2
Z 1
1
dð1Þr

dr
dr
PlðÞ

d
d
½ð12Þrþ1eix
¼ 1
2
Z 1
1
dð1Þrð12Þr

dr
dr
PlðÞ

½2ðrþ 1Þ þ ð12Þixeix ¼ ½2ðrþ 1Þ@x þ xð1þ @2xÞiIrl ðxÞ;
(A31)
where in the third line we have converted powers of i to derivatives @x. Now we use that, by assumption, Eq. (A30) holds
for r, which leads to
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Irþ1l ðxÞ ¼
ðlþ rÞ!
ðl rÞ! i
rþ1þl½2ðrþ 1Þ@x þ xð1þ @2xÞ jlðxÞxr :
(A32)
Straightforward algebra, together with the differential
equation satisfied by spherical Bessel functions, j00l ¼2j0l=xþ ½lðlþ 1Þ=x2  1jl leads to
Irþ1l ðxÞ ¼ 2
ðlþ rþ 1Þ!
ðl r 1Þ! i
rþlþ1 jlðxÞ
xrþ1
; (A33)
which proves the conjecture Eq. (A30). h
APPENDIX B: GEODESIC EQUATION
AND DISPLACEMENTS
In this appendix, we outline the derivation of the dis-
placements Eqs. (34)–(37) in the general gauge given by
Eq. (2) and (19). This is a generalization of the derivation
in Ref. [11] (which considered the sc gauge), and a special
case of the treatment in Ref. [37]. Choosing the (zeroth-
order) comoving distance as the affine parameter, the
photon momentum can be written as
dx
d
¼ ð1þ ; n^i þ eiÞ: (B1)
The geodesic equation then becomes
d
d
dx
d
þ 
dx
d
dx
d
¼ 0: (B2)
The zeroth-order parts just yield dx=d ¼ const. We
now turn to the first-order part. The temporal component
gives
d
d
þ 0
dx
d
dx
d
¼ 0
d
d
þ A0  2A;in^i þ

1
2
h0ij þ Bði;jÞ

n^in^j ¼ 0
d
d
ð 2AÞ ¼ A0  1
2
h0k  @kBk: (B3)
The spatial components yield
d
d
ei þ i
dx
d
dx
d
¼ 0
d
d
ei þ A;i  Bi0  h0ijn^j  ðBj;i  Bi;jÞn^j þ
1
2
ðhij;k þ hik;j  hjk;iÞn^jn^k ¼ 0
d
d
ðei þ Bi þ hijn^jÞ ¼ A;i þ @iBk  B?i þ
1
2
hk
;i  1

P ijhjkn^k:
(B4)
Next, we need to obtain the initial conditions at the ob-
server for the quantities , ei. For this, we consider an
orthonormal tetrad ðeaÞ, defined through
gðeaÞðebÞ ¼ ab: (B5)
To zeroth order, we set ðebÞ ¼ a2b. Using Eq. (2), this
yields at first order
1 ¼ gðe0Þðe0Þ ¼ a2ð1þ 2AÞ½ðe0Þ02
ij ¼ gðeiÞðejÞ ¼ a2ðeiÞkðejÞlðkl  hklÞ
0 ¼ gðe0ÞðeiÞ
¼ a2½ðe0Þ0ðeiÞ0  BjðeiÞjðe0Þ0 þ ðe0ÞjðeiÞj: (B6)
The first line yields ðe0Þ0 ¼ að1 AÞ, while the second
line yields ðekÞl ¼ aðkl þ hkl =2Þ. With this, the third line
becomes
0 ¼ aðeiÞ0 þ a2Bi þ aðe0Þi: (B7)
Further, we require that the spatial hypersurfaces defined
by ðeiÞ be orthogonal to the 4-velocity of comoving
observers [Eq. (19)]:
0 ¼ ðeiÞu ¼ ðeiÞ0a1ð1 AÞ þ vi: (B8)
Hence, we have ðeiÞ0 ¼ avi, and Eq. (B7) yields ðe0Þi ¼
aðvi  BiÞ. We thus have
ðe0Þ ¼ að1 A; vi  BiÞ
ðejÞ ¼ a

vj; ji þ
1
2
hji

:
(B9)
Comparing the first line with Eq. (19), we indeed see that
ðe0Þ ¼ u, as desired.
We now require that the normalized photon momentum
at the observer, p^ ¼ ð1þ o; n^i þ eioÞ, measured
with respect to this tetrad has the components ð1; n^iÞ
(note that for our choice of affine parameter, the photon
momentum is past directed). Setting ao ¼ 1without loss of
generality, we obtain
1 ¼ ðe0Þp ¼ 1þ Ao  o þ ðvio  BioÞn^i
n^i ¼ ðeiÞp ¼ n^i þ vio þ eio þ 12 ðh
i
jÞon^j:
(B10)
Note that the first condition implies that a locally emitted
photon is observed with unperturbed redshift [see
Eq. (B16)]. Hence,
0¼AoþvkoBko; eio¼vio12ðh
i
jÞon^j: (B11)
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Note the aberration termvio in eio. We can now integrate
the geodesic equations given these initial conditions:
ðÞ ¼ 2AðÞ þ
Z 
0
d0

A0  1
2
h0k  @kBk

þ const
¼ Ao þ vko  Bko þ 2AðÞ
þ
Z 
0
d0

A0  1
2
h0k  @kBk

: (B12)
The spatial component yields
eiðÞ ¼ 1
2
ðhijÞon^j  vio þ Bio  BiðÞ  hijðÞn^j
þ
Z 
0
d0

A;i þ n^jBj;i þ 12 hjk
;in^jn^k

:
(B13)
Integrating again yields the temporal and spatial
displacements:
x0ð~Þ ¼
Z ~
0
ddðÞ
¼ ½Ao þ vko  Bko~þZ ~
0
d

2AðÞ þ ð~ Þ

A0  1
2
h0k  @kBk

(B14)
xið~Þ ¼
Z ~
0
deiðÞ
¼

1
2
ðhijÞon^jþBio vio

~
þ
Z ~
0
d

Bi hijn^jþ ð~Þ


A;iþ n^jBj;iþ 12hjk
;in^jn^k

: (B15)
Next, we need to evaluate the scale factor and affine
parameter at emission, by requiring that the observed
photon frequency match the redshift ~z. Since the photon
momentum is given by Eq. (B1), we have
1þ ~z ¼ ða
2udx=dÞe
ða2udx=dÞo
¼ a
1ðx0Þð1þ A þ vk  BkÞe
ð1þ A þ vk  BkÞo ; (B16)
where a subscript e denotes the emission point, and we
have decomposed Bi ¼ Bkn^i þ B?i. The initial conditions
for  imply that the denominator is 1, and we obtain
aðx0Þ
~a
¼ 1þ A þ vk  Bk  1þ  lna; (B17)
where all quantities on the right-hand side are evaluated at
emission, and we have defined the perturbation to the
logarithm of the scale factor at emission,  lna. Explicitly,
 lna ¼ A þ vk  Bk
¼ Ao  Aþ vk  vko
þ
Z ~
0
d

A0 þ 1
2
h0k þ B0k

: (B18)
Since ~a ¼ 1=ð1þ ~zÞ, and aðx0Þ ¼ 1=ð1þ zÞ where z is the
redshift one would observe for the same source in an
unperturbed Universe, we can write this as
1þ ~z ¼ ð1þ zÞð1þ  lnaÞ: (B19)
The perturbation to the conformal time at emission has two
contributions, from the temporal displacement x0 and
from the perturbation to the affine parameter from its
zeroth-order value, ~:
aðx0Þ ¼ ~aþ ~a@ lna
@
½x0  : (B20)
Equation (B19) thus yields
1 ¼ 1 ~aHð~zÞ½x0   þ lna; (B21)
so that
 ¼ x0  1þ ~z
Hð~zÞ  lna: (B22)
We can now assemble the total line-of-sight deflection:
xk ¼ xin^i þ  ¼ xk þ x0  1þ ~zHð~zÞ  lna
¼
Z ~
0
d

A Bk  12hk

 1þ ~z
Hð~zÞ  lna: (B23)
For the transverse deflection, we obtain
xi? ¼ xi  n^ixk
¼

1
2
P ijðhjkÞon^k þ Bi?o  vi?o

~
þ
Z ~
0
d

Bi?  P ijhjkn^k þ ð~ Þ


@i?Aþ n^k@i?Bk þ
1
2
ð@i?hjkÞn^jn^k

; (B24)
which can be further manipulated to yield Eq. (36).
APPENDIX C: TEST CASES FOR THE SHEAR
In this appendix, we consider test cases in order to
validate the expression for the shear, Eq. (65) in
Sec. VII B. For a larger set of test cases applied to scalar
quantities such as the observed galaxy density and the
magnification, see Appendix C in Ref. [11].
The first case is a metric perturbation corresponding to a
pure gauge mode, i.e.,
hijðx; Þ ¼ Aij þ Bijkxk; (C1)
whereAij andBijk are constant and symmetric in i and j. Such
a metric perturbation can be obtained through a coordinate
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transform xi ! x^i ¼ xi  Aijxj=2 Bijkxjxk=4. Choosing
the observer to be at the origin, we have
ho ¼ A; hs ¼ A þ Bk~xk;Z ~
0
d
~
h ¼ A þ 12Bk~x
k;
(C2)
where Bk ¼ mimjBijk. Since @i@jhkl ¼ 0 and @ihkl ¼
Bkli ¼ const, Eq. (65) then yields
2
ðn^Þ ¼
1
2
A 12A
1
2
Bk~xkþAþ 12Bk~x
k¼ 0:
(C3)
Thus, a gauge mode does not contribute to the shear.
Further possible test cases are a perturbed expansion
history and spatial curvature. Both cases correspond to
isotropic Universes, and the observed shear should thus
be 0. The former case is described by a metric perturbation
of the form hij ¼ AðÞij. Since this implies that @ihjk¼0
and h ¼ 0, Eq. (65) implies 2
 ¼ 0. Spatial curvature is
described by a metric perturbation hij ¼ K=4xkxkij. In
this case, h ¼ 0, @ihkl ¼ K=2xikl, and @i@jhkl ¼
K=2ijkl. Thus,
ðmimj@i@jhklÞn^kn^l ¼ 
K
2
ðmimiÞ2 ¼ 0
n^lmkmi@ihkl ¼ 
K
2
ðmixiÞn^kmk ¼ 0: (C4)
This implies that 2
 ¼ 0 for spatial curvature as well.
There is however one test case where the shear is non-
trivial, which we will consider next.
1. Bianchi I cosmology
A Bianchi I cosmology is an anisotropically expanding
Universe. Following Ref. [11], we choose the 3-axis to be
unperturbed, while the scale factors along the 1- and 2-axes
are perturbed in the following way:
a1ðÞ ¼ aðÞ½1þ s1ðÞ  s3ðÞ
a2ðÞ ¼ aðÞ½1þ s2ðÞ  s3ðÞ
a3ðÞ ¼ aðÞ;
(C5)
where s1ðÞ þ s2ðÞ þ s3ðÞ ¼ 0, and sið0Þ ¼ 0.
Relaxing either of these conditions leads to cases we have
studied above (perturbed expansion history and pure gauge
mode). The nonzero components of hij are then given by
h11¼2½s1ðÞs3ðÞ; h22¼2½s2ðÞs3ðÞ: (C6)
Let us consider two lines of sight close to the unperturbed 3-
axis. Specifically, we consider photon 4-momenta at the
observer given by pð1Þ ¼ ð1;&; 0;1Þ and pð2Þ ¼
ð1; 0;&; 0;1Þ, where & is the infinitesimal angle with
the 3-axis. By following back these geodesics, one can
straightforwardly derive the angular diameter distances
along the 3-axis, for an object extended along the 1- and
2-axes [11]:
DA;phys;aðÞ¼aðÞð0Þ

1þsaðÞs3ðÞ
þ 2
0
Z 0

d0ðs3ð0Þsað0ÞÞ

; (C7)
where a ¼ 1, 2, and  is the conformal time of emission.
The observed ellipticity of galaxies, designed as an estimator
for shear, can be written as
1 ¼ 12
I11  I22
I11 þ I22 ¼
1
2
D2A;phys;1 D2A;phys;2
D2A;phys;1 þD2A;phys;2
2 ¼ I12I11 þ I22 ¼ 0;
(C8)
where Iij are the quadrupole moments of the galaxy’s light
distribution, which scale as D2A;phys. Other definitions are
possible; however all of them agree at linear order. 2
vanishes, since a ray with p ¼ ð1;&=
ﬃﬃﬃ
2
p
; &=
ﬃﬃﬃ
2
p
;1Þ,
propagating at þ45 azimuthal angle to the 1-axis, yields
the same angular diameter distance as a ray with p ¼
ð1;&= ﬃﬃﬃ2p ;&= ﬃﬃﬃ2p ;1Þ, propagating at 45 angle.
Assuming that the galaxies are on average round (hii ¼
0), i.e., that they are not directly influenced by the aniso-
tropic expansion, we obtain
1¼14

2s1þ2s3þ2s22s3
 4
0
Z 0

d0½s1ð0Þþs2ð0Þ

¼1
2
½s2ðÞs1ðÞþ 10
Z 0

d0½s1ð0Þs2ð0Þ:
(C9)
The extra factor of 1=2 is due to the sum of moments in the
denominator in the definition of 1. In order to compare with
Eq. (65), we use
h ¼ 12 ðh11  h22  2ih12Þ ¼ s1ðÞ  s2ðÞ: (C10)
We thus have ho ¼ 0, and Eq. (65) yields for the shear
along the 3-axis

1  i
2 ¼  12 ðs1ðÞ  s2ðÞÞ
þ
Z ~
0
d
~
½s1ððÞÞ  s2ððÞÞ
¼ 1
2
ðs2ðÞ  s1ðÞÞ
þ 1
0  
Z 0

d0½s1ð0Þ  s2ð0Þ; (C11)
where we have used that 2
 ¼ 
1  i
2 for the coordi-
nates chosen here [see Eq. (50)]. Since this expression is
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real, 
2 ¼ 0, and the result is equal to 
1, which moreover
agrees with the correct physical result for 1, Eq. (C9).
2. Shear from scalar perturbations
In the derivation leading to Eq. (65), we have not made
any assumptions about metric perturbations except that
g00 ¼ 0 ¼ g0i (sc gauge). As a cross-check, we now
consider the case of scalar perturbations, where we can
write
hij ¼ 2Dij þ 2

@i@j  13ijr
2

E (C12)
in terms of the 3-scalar perturbations D and E (see
Ref. [11]). We thus have h ¼ 2mimjE;ij and obtain
2
ðn^Þ ¼ mimjðE;ijðoÞ þ E;ijðsÞÞ

Z ~
0
d

ð~ Þ
~
mim
j



D;ij  13r
2E;ij þ @2kE;ij

þ 2

1 2
~

mim
j
@kE;ij 
2
~
mim
j
E;ij

:
(C13)
We now consider the contribution of a single plane wave
along the z axis,
Dðx; Þ ¼ Dðk; Þeikn^ ¼ Dðk; Þeix; (C14)
and similarly for E. We can then replace
mim
j
@i@j ! 
1
2
ð12Þk2: (C15)
This yields
2
ðk;n^Þ¼þ
1
2
ð12Þk2ðEðk;0Þeixjx¼0þEðk; ~Þei~xÞ
þ
Z ~
0
d

ð~Þ
~
1
2
ð12Þk2

Dðk;Þ
þ1
3
k2Eðk;Þ2k2Eðk;Þ

þ

12
~

ið12Þk3Eðk;Þ
k2 1
~
ð12ÞEðk;Þ

eix; (C16)
where ~ ¼ 0  ~, and ~x ¼ k~. Note that a scalar pertur-
bation produces equal amplitudes of 2
: there is no
preferred handedness for scalar modes. Correspondingly,
since this expression is / eim with m ¼ 0, the spin-
lowering and spin-raising actions [Eq. (A8)] become
equivalent. We have
ð 22
 ¼ ð22
 ¼
@2
@2
½ð12Þ2
ðn^;kÞ
¼ 1
2
k2ðEðk; 0Þ½QS1ðxÞx2eixx¼0 þ Eðk; Þ½QS1ðxÞx2eixx¼k~Þ þ
Z ~
0
d

ð~ Þ
~
1
2
k2

QS1ðxÞDðk; Þ
þ 1
3
QS1ðxÞk2Eðk; Þ QS2ðxÞk2Eðk; Þ



1 2
~

1

QS3ðxÞk2Eðk; Þ 
1
~
QS1ðxÞk2Eðk; Þ

x2eixjx¼k:
(C17)
Using that
@2
@2
½ð12Þ2eix ¼ @
2
@2
½ð1þ @2xÞ2eix
¼ ð1þ @2xÞ2½x2eix;
@2
@2
½ð12Þ2eix ¼ i@xð1þ @2xÞ2½x2eix;
@2
@2
½ð12Þ22eix ¼ @2xð1þ @2xÞ2½x2eix; (C18)
we obtain the operators QSi ðxÞ for the scalar case:
QS1ðxÞ ¼ ð1þ @2xÞ2; QS2ðxÞ ¼ ð1þ @2xÞ2@2x;
QS3ðxÞ ¼ xð1þ @2xÞ@x:
(C19)
Note that all these operators are real. Hence, following the
general derivation in Appendix A 1, there are no parity-odd
terms in the scalar contributions to the shear, and thus no B
modes as expected.
APPENDIX D: VECTOR
In this section, we follow the procedure described in
Appendix A 1 in order to derive the multipole moments of
the vector component 1B induced by scalar and tensor
perturbations. For scalar perturbations, we work in the cN
gauge; there is no gauge ambiguity for tensor modes. Our
goal is to show that scalar perturbations do not contribute
to aBBlm , while tensor perturbations do contribute.
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1. Scalar modes
We begin with Eq. (46):
ð1BÞcN ¼ v þ
1þ ~z
Hð~zÞ

@þ @½vk  vko
þ
Z ~
0
d

~
@ð0 0Þ

; (D1)
and specialize to the case of a single plane wave along the z
axis. Further, we write vi ¼ V;i. Noting that
@?ivk ¼ @?iðn^j@jVÞ ¼ n^j@?i@jV þ 1@?iV
@?ivko ¼ 1~ ð@?iVÞo (D2)
this yields
ð1BÞcNðn^;kÞ ¼ ikVðk; ~Þei~x þ
1þ ~z
Hð~zÞ

ikðk; ~Þei~x
þ

ik
~
 kkk

Vðk; ~Þei~x  ik
~
Vðk; 0Þeixjx¼0 þ
Z ~
0
d

~
ik½0ðk; Þ 0ðk; Þeix

¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12p ﬃﬃﬃ
2
p

ikVðk; ~Þei~x þ 1þ ~z
Hð~zÞ

ikðk; ~Þei~x
þ

i k
~
þk2

Vðk; ~Þei~x þ ik
~
Vðk; 0Þeixjx¼0 
Z ~
0
d
~
ix½0ðk; Þ 0ðk; Þeix

;
where as before x ¼ k, ~x ¼ k~, and ~ ¼ 0  ~. Further, we have used that kk ¼ n^iki ¼ k, and k ¼ miki ¼
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ12p k= ﬃﬃﬃ2p . We now apply the spin-lowering operator Eq. (A7) to 1B. Note that since 1Bðn^;kÞ is  independent,
this is identical to the expression for ð1B.
ð1Bðn^;kÞ ¼ @½
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
q
1Bðn^;kÞ
¼ @ﬃﬃﬃ
2
p

ð12Þ

ikVðk; ~Þei~x þ 1þ ~z
Hð~zÞ

ikðk; ~Þei~x þ

 i 1
~x

k2Vðk; ~Þei~x
þ i 1
~x
k2Vðk; 0Þeixjx¼0 
Z ~
0
d
~
ix½0ðk; Þ 0ðk; Þeix

¼ Vðk; ~Þﬃﬃﬃ
2
p
~
Q^BS1ð~xÞei~x þ 1þ ~zﬃﬃﬃ
2
p
Hð~zÞ

1
~
ðk; ~ÞQ^BS1ð~xÞei~x þ k2Vðk; ~Þ

Q^BS2ð~xÞ  1
~x2
Q^BS1ð~xÞ

ei~x
þ 1
~2
½Q^BS1ðxÞeixx¼0Vðk; 0Þ 
Z ~
0
d
~
Q^BS1ðxÞ½0ðk; Þ 0ðk; Þeix

; (D3)
where we have defined
Q^BS1ðxÞ ¼ x2  2x@x  x2@2x
Q^BS2ðxÞ ¼ 1þ x@x þ 3@2x þ x@3x:
(D4)
This expression is in the desired form, Eq. (A19), and we
see that all coefficients are real. Thus, scalar perturbations
only contribute to the (polar) E component of Bi.
2. Tensor modes
We begin with Eq. (45):
ð1BÞsc ¼
1þ ~z
2Hð~zÞ
Z ~
0
d

~
@h0k
¼ 1þ ~z
2Hð~zÞ
Z ~
0
d

~

ð@h0klÞn^kn^l þ
2

h0klm
kn^l

:
(D5)
We then decompose hij into Fourier modes of two polar-
ization states (see Refs. [21,24] for details),
hijðk; Þ ¼ eþij ðk^Þhþðk; Þ þ eij ðk^Þhðk; Þ; (D6)
where esijðk^Þ, s ¼ þ, , are transverse (with respect to k^)
and traceless polarization tensors normalized through
esije
s0ij ¼ 2ss0 . We assume both polarizations to be inde-
pendent and to have equal power spectra:
hhsðk; Þhs0 ðk0; 0Þi ¼ ð2	Þ3Dðk k0Þ
 ss0 14TTðk; ÞTTðk; 
0ÞPT0ðkÞ;
(D7)
where TTðk; Þ is the tensor transfer function, and the
primordial tensor power spectrum is denoted as PT0ðkÞ.
Further, we can define helicity2 polarization tensors and
Fourier amplitudes through
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e1ij  eþij  ieij ; h1 
1
2
ðhþ  ihÞ: (D8)
Note that Ph1ðkÞ ¼ PT0ðkÞ=8. As before, we begin by
evaluating the contribution of a single plane wave, assum-
ing that k ¼ kz^. We have
epðk^;n^Þepijðk^Þmiðn^Þmjðn^Þ¼
1
2
ð1pÞ2ei2p
epk ðk^Þepijn^in^j¼ð12Þei2p
epijðk^Þmiðn^Þn^j¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12p ﬃﬃﬃ
2
p ðpÞei2p;
(D9)
where  ¼ cos. Restricting to the polarization p ¼ þ1
first, we have
1Bðk; n^;þ1Þ ¼
1þ ~z
2Hð~zÞ
Z ~
0
d

~


ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12p ﬃﬃﬃ
2
p ð12Þik
þ
ﬃﬃﬃ
2
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
q
ð 1Þ

h01ðk;Þei2eix:
(D10)
We now apply the spin-lowering operator Eq. (A7) with
m ¼ 2 to obtain
ð1Bðk; n^;þ1Þ ¼

@  2
12
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12
q
1Bðk; n^;þ1Þ
¼

@  2
12

1þ ~z
2Hð~zÞ
Z ~
0
d
~

ð1
2Þ2ﬃﬃﬃ
2
p ix ﬃﬃﬃ2p ð12Þð1Þh01ðk; Þei2eix

¼ 1þ ~z
2Hð~zÞ
Z ~
0
d
~

1ﬃﬃﬃ
2
p Q^BT1ðxÞ þ
ﬃﬃﬃ
2
p
Q^BT2ðxÞ

ð12Þei2eix

h01ðk; Þ (D11)
where
Q^ BT1ðxÞ ¼ x2 þ 4x@x þ x2@2x þ 2ix; Q^BT2ðxÞ ¼ 3þ x@x  ix: (D12)
For the other polarization state, we obtain the same result with ! , x! x, ! . Equation (D11) is in the
desired form, Eq. (A19). We see that the operators have both real and imaginary parts, signaling that tensor modes
contribute to both the polar (‘‘E-mode’’, through ReQ^BTi) and axial vector (‘‘B-mode’’, through ImQ^BTi).
APPENDIX E: COMPONENTS IN TERMS OF MATTER DENSITY CONTRAST
This section gives useful expressions for C, 1B,M, and the shear in terms of the familiar matter density contrast scm in
the sc gauge. For convenience wewrite the velocity vi in terms of a scalar velocity potential V, vi ¼ V;i, and relate V,,
to the density contrast scm in the sc gauge through (see Refs. [38,39])
Vðk;Þ ¼ aHfk2DðaðÞÞscmðk;0Þ
ðk;Þ ðk;Þ ¼Dðk;Þscmðk;0Þ
ðk;Þ þðk;Þ ¼ gðk;ÞDðk;Þscmðk;0Þ
)ðk;Þ ¼ 1
2
½gþ 1Dscmðk;0Þ
ðk;Þ ¼ 1
2
½g 1Dscmðk;0Þ
ðÞ0ðk;Þ ¼DISWðk;Þscmðk;0Þ;
(E1)
where f  d lnD=d lna, DðaÞ is the matter growth factor (normalized to unity at a ¼ 1) and we have defined general
coefficient functionsD , g,DISW to allow for nonstandard cosmologies. In aCDM cosmology (or more generally for a
smooth dark energy component), we have
Dðk; Þ ¼ 3m
a2H2
k2
DðaðÞÞ ¼ 3m0H
2
0
k2
a1ðÞDðaðÞÞ; gðk; Þ ¼ 0: (E2)
Here, a subscript 0 denotes that the quantity is defined at the present epoch  ¼ 0. We will denote the power spectrum of
scm at z ¼ 0 as PmðkÞ, as well as employ x ¼ k, ~x ¼ k~ as before.
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1. Longitudinal scalar
We begin with Eq. (42),
ðCÞcN ¼ bz lna vk þ 1þ ~zHð~zÞ ð@kþ @kvk  v
0
k þ0Þ; (E3)
where
bz ¼ 1Hð~zÞ@~z

1þ ~z
Hð~zÞ

 @ lnr0
@ lna
;  lna ¼ o þ vk  vko þ
Z ~
0
d½0 0: (E4)
Note that for a nonevolving ruler in CDM, bz ¼ 3mð~zÞ=2. For a single plane-wave perturbation, this yields
Cðk; n^Þ ¼ bz

ðk; ~Þ  i~xVðk; ~Þ
~

ei~x 

ðk; 0Þ  ixVðk; 0Þ

eix

x¼0

Z ~
0
d½0 0eix



ðk; ~Þ þ i~xVðk; ~Þ
~

ei~x þ 1þ ~z
Hð~zÞ~

i~xðk; ~Þ 2~x2 Vðk; ~Þ
~
 i~xV 0ðk; ~Þ þ ~0ðk; ~Þ

ei~x
¼ scmðk; 0Þbz



1
2
ðg 1ÞD 
aHfD
k2 ~
Q^CS1ð~xÞ

eix

x¼0
þ

1
2
ðg 1ÞD 
aHfD
k2 ~
Q^CS1ð~xÞ


Z ~
0
dDISWe
ix

þ scmðk; 0Þ



1
2
ðg 1ÞD þ
aHfD
k2 ~
Q^CS1ð~xÞ

þ 1þ ~z
Hð~zÞ~

 1
2
ðg 1ÞDQ^CS1ð~xÞ
þ aHfD
k2 ~
Q^CS2ð~xÞ  ðaHfDÞ0Q^CS1ð~xÞ þ ~2 ðg
0D þ ðgþ 1ÞDISWÞ

k;~
ei~x; (E5)
where Q^CS1ðxÞ ¼ x@x, and Q^CS2ðxÞ ¼ x2@2x. This is clearly in the form Eq. (A19), with r ¼ s ¼ 0, and we can thus
immediately apply Eq. (A24):
CCðlÞ ¼ 2	
Z
k2dkPmðkÞjFCl ðkÞj2
FCl ðkÞ ¼ bzF lnal ðkÞ þ



1
2
ðg 1ÞD þ
aHfD
k2 ~
Q^CS1ð~xÞ

þ 1þ ~z
Hð~zÞ~

 1
2
ðg 1ÞDQ^CS1ð~xÞ þ
aHfD
k2 ~
Q^CS2ð~xÞ
 ðaHfDÞ0Q^CS1ð~xÞ þ ~2 ðg
0D þ ðgþ 1ÞDISWÞ

k;~
jlð~xÞ
F lnal ðkÞ 

aHfD
k
@~x  12 ðg 1ÞD

~z
jlð~xÞ þ
Z ~
0
dDISWjlðxÞ: (E6)
2. Vector
As derived in Appendix D,
ð1Bðn^;kÞ¼Vðk; ~Þﬃﬃﬃ
2
p
~
Q^BS1ð~xÞei~xþ 1þ~zﬃﬃﬃ
2
p
Hð~zÞ

1
~
ðk; ~ÞQ^BS1ð~xÞei~xþk2Vðk; ~Þ

Q^BS2ð~xÞ 1
~x2
Q^BS1ð~xÞ

ei~x
þ 1
~2
½Q^BS1ðxÞeixx¼0Vðk;0Þ
Z ~
0
d
~
Q^BS1ðxÞ½0ðk;Þ0ðk;Þeix

¼scmðk;0Þ

aHfDﬃﬃﬃ
2
p
k2 ~
Q^BS1ð~xÞþ 1þ~zﬃﬃﬃ
2
p
Hð~zÞ

1
2~
½g1Dðk; ~aÞQ^BS1ð~xÞþaHfD

Q^BS2ð~xÞ 1
~x2
Q^BS1ð~xÞ

~
ei~x
þ 1þ~zﬃﬃﬃ
2
p
Hð~zÞ

ðHfDÞz¼0 1
~x2
½Q^BS1ðxÞeixx¼0
Z ~
0
d
~
DISWðk;aðÞÞQ^BS1ðxÞeix

: (E7)
Since 1B is a spin-1 quantity, Eq. (A24) with r ¼ 0, s ¼ 1 yields
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CEEB ðlÞ ¼
2
	
1
lðlþ 1Þ
Z
k2dkPmðkÞjFBEl ðkÞj2
FBEl ðkÞ ¼

aHfDﬃﬃﬃ
2
p
k2 ~
Q^BS1ð~xÞ þ 1þ ~zﬃﬃﬃ
2
p
Hð~zÞ

1
2~
½g 1Dðk; ~aÞQ^BS1ð~xÞ þ aHfD

Q^BS2ð~xÞ  1
~x2
Q^BS1ð~xÞ

~
jlð~xÞ
þ 1þ ~zﬃﬃﬃ
2
p
Hð~zÞ

ðHfDÞz¼0 1
~x2
½Q^BS1ðxÞjlðxÞx¼0 
Z ~
0
d
~
DISWðk; aðÞÞQ^BS1ðxÞjlðxÞ

: (E8)
This is the power spectrum of the E-mode (polar) component of B. The operators Q^BSi as applied to spherical Bessel
functions become
Q^ BS1ðxÞjlðxÞ ¼ lðlþ 1ÞjlðxÞ; Q^BS2ðxÞjlðxÞ ¼ lðlþ 1Þ@x

jlðxÞ
x

: (E9)
Note that this implies ½Q^BS2ðxÞ  x2Q^BS1ðxÞjlðxÞ ¼ lðlþ 1Þð@xjlðxÞÞ=x. Note further that the observer term
½Q^BS1ðxÞjlðxÞx¼0 is only nonzero for the dipole l ¼ 1, as expected.
3. Shear and magnification
We begin with the shear. Equation (66) evaluated for a plane-wave perturbation yields
2
ðn^;kÞ ¼ 
Z ~
0
dð~ Þ
~
1
2
ð12Þk2½k;eix
¼ 1
2
Z ~
0
dð~ ~Þ
~
k2Dðk; aðÞÞð12Þeixscmðk; 0Þ: (E10)
In order to obtain a scalar quantity, we now apply Eq. (A8) with m ¼ 0, yielding
ð 22
ðn^;kÞ ¼ @2½ð12Þ2
 ¼
1
2
Z ~
0
dð~ Þ
~
k2Dðk; aðÞÞ@2½ð12Þ2eixscmðk; 0Þ
¼ 1
2
Z ~
0
dð~ Þ
~
k2Dðk; aðÞÞQ^
SðxÞeixscmðk; 0Þ; (E11)
where we have defined
Q^ 
SðxÞ ¼ 4þ x2 þ 8x@x þ ð12þ 2x2Þ@2x þ 8x@3x þ x2@4x: (E12)
This is again in the desired form Eq. (A19), and applying Eq. (A24) with r ¼ 0, s ¼ 2 yields the angular power spectrum of
the shear E modes,
CEE
 ðlÞ ¼ 2	
ðl 2Þ!
ðlþ 2Þ!
Z
k2dkPmðkÞjF
El ðkÞj2; F
El ðkÞ ¼
1
2
Z ~
0
dð~ Þ
~
k2Dðk; aðÞÞQ^
SðxÞjlðxÞ: (E13)
The operator Q^
S applied to spherical Bessel functions is
Q^ 
SðxÞjlðxÞ ¼ ðlþ 2Þ!ðl 2Þ!
jlðxÞ
x2
: (E14)
The magnification contains a number of terms, which are evaluated in Appendix B of Ref. [24]. Here we only repeat the
final result:
CMðlÞ ¼ 2	
Z
k2dkPmðkÞjFMl ðkÞj2
FMl ðkÞ ¼ 2

1
aH ~
 1

F lnal ðkÞ  ð½gþ 1DÞ~zjlð~xÞ þ lðlþ 1Þ
Z ~
0
d
~ 
~
DjlðxÞ þ 2
Z ~
0
d
~
DjlðxÞ; (E15)
where F lnal ðkÞ is defined in Eq. (E6).
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